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Abstract. We classify complete biharmonic surfaces with parallel mean curva- 
ture vector field and non-negative Gaussian curvature in complex space forms. 
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1. Introduction 



The biharmonic maps were suggested in 1964 by J. Eells and J. H. Sampson, 
as a generalization of harmonic maps (see [9]). Thus, whereas a harmonic map 
ip : (M, g) — >■ (N, h) between two Riemannian manifolds is a critical point of the 
Q \ energy functional 

1 Jm 

a biharmonic map is a critical point of the bienergy functional 



M<p) = \ I \r(<p)\ 



9> 



where r[(p) = trace S7d(p is the tension field that vanishes for harmonic maps. The 



Euler-Lagrange equation corresponding to the bienergy functional was obtained by 
G. Y. Jiang in 1986 (see [S]): 

T2(<p) = Ar((/?) ~~ trace R(d<p,T (tp)) d<p 
= 



CO 

o _ 

where T2((f) is the bitension field of (p, A = trace(V^) 2 = trace(V ip V </3 — Vy) is 
the rough Laplacian defined on sections of y? -1 (TiV) and R is the curvature tensor 
of N, given by R(X,Y)Z = [Vx,Vy]Z — Vn^yi-^- Since any harmonic map is 
^ , biharmonic, we are interested in non-harmonic biharmonic maps, which are called 

proper -biharmonic. 

A biharmonic submanifold in a Riemannian manifold is a submanifold for which 
the inclusion map is biharmonic. In Euclidean space the biharmonic submanifolds 
are the same as those defined by Chen in [6j, characterized by AH = 0, where H is 
the mean curvature vector field and A is the rough Laplacian. 

Many classification results for proper-biharmonic submanifolds in space forms, i.e., 
spaces with constant sectional curvature, were obtained in the last decade (see, for 
example, [21 El S] ) and the next step was to look for such submanifolds in spaces with 
non-constant sectional curvature. Some very important examples of such ambient 
spaces are the complex space forms, i.e., simply-connected Kahler manifolds with 
constant holomorphic sectional curvature. Recent papers as [121 (HI Ell [Ml EZ] 
treated the subject of proper-biharmonic submanifolds in complex space forms and 
several classification results and examples were found. 
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On the other hand, submanifolds with parallel mean curvature vector (pmc sub- 
manifolds) or with constant mean curvature (cmc submanifolds) in Riemannian 
manifolds proved to be very good candidates for providing nice examples of proper- 
biharmonic submanifolds (see, for example, [2j [3] 14"] [T4" ] [22 ], [27] ). 

In our paper, we first consider pmc surfaces in complex space forms and prove 
a Simons type formula for the Laplacian of the squared norm of the holomorphic 
differential Q( 2 '°\ defined on such a surface, introduced in [TT]. Then we use this 
formula to show that, if X 2 is a complete pmc surface with non-negative Gaussian 
curvature, then the surface is flat or Q^ 2 ' ^ vanishes on X 2 . Next, we investigate the 
biharmonicity of these surfaces and, using a reduction of codimension theorem of 
J. H. Eschenburg and R. Tribuzy in [10] and the above mentioned result, we obtain 
the following classification theorem. 

Theorem 14.101 Let X 2 be a complete proper-biharmonic pmc surface with non- 
negative Gaussian curvature in CP n (p). Then X 2 is totally real and either 

(1) X 2 is pseudo-umbilical and its mean curvature is equal to y/p/2. Moreover, 

S 2 = vr(X 2 ) C CP n (p), n > 3, 

where tt : S 2n+1 (p/4) — > CP n (p) is the Hopf fibration and the horizontal lift 
X 2 of X 2 is a complete minimal surface in a small hypersphere S 2n (p/2) C 
S 2 " +1 (p/4); or 

(2) X 2 lies in CP 2 (p) as a complete Lagrangian proper-biharmonic pmc surface. 
Moreover, if p = 4, then 




where tt : § 5 (1) — > CP 2 (4) is the Hopf fibration; or 
(3) X 2 lies in CP 3 (p) and 

X 2 = 7l x 72 CCP 3 (p), 

where 71 : R — > CP 2 (p) C CP 3 (p) is a holomorphic helix of order 4 with 
curvatures 

Pfp I/Bp 
K1 = VT' K2 = 2V42' K3 = 
and complex torsions 




HV14 V70 

T\2 = -734 = , 723 = -T14 = i T 13 = r 24 = U, 

and 72 : R ->• CP 3 (p) is a holomorphic circle with curvature k = p/2 and 
complex torsion T12 = 0. Moreover, the curves 71 and 72 always exist and 
are unique up to holomorphic isometries. 

Conventions. We work in the C°° category, that means manifolds, metrics, con- 
nections, and maps are smooth. The Lie algebra of vector fields on a surface X 2 
is denoted by C(TX 2 ). The surfaces are always assumed to be connected and ori- 
entable. 

Acknowledgments. The authors wish to thank Cezar Oniciuc for many useful 
comments and helpful discussions. The first author would like to thank the Depart- 
ment of Mathematics of the Federal University of Bahia in Salvador for providing a 
very stimulative work environment during the preparation of this paper. 
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2. Preliminaries 

Let N n {p) be a complex space form with complex dimension n, complex structure 
(J, (, )), and constant holomorphic sectional curvature p, i.e., N n (p) is either CP n (p), 
or C n , or CH n (p), as p > 0, p = 0, and p < 0, respectively. Then the curvature 
tensor of (N(p), J, (, )) is given by 

(2.1) R(X, Y)Z =j{{Y, Z)X - {X, Z)Y + {JY, Z)JX - (JX, Z)JY 

+ 2(X, JY)JZ). 

Let £ 2 be a surface immersed in N n (p). The second fundamental form a of X 2 is 
defined by the equation of Gauss 

VxY = V x Y + a(X,Y), 

while the shape operator A and the normal connection V -1- are given by the equation 
of Weingarten 

V X V = -A V X + V^V, 

for any vector fields X and Y tangent to the surface and any vector field V normal 
to S 2 , where V and V are the Levi-Civita connections of N n (p) and X 2 , respectively. 

Definition 2.1. If the mean curvature vector H of the surface S 2 is parallel in the 
normal bundle, i.e. V ± H = 0, then E 2 is called a pmc surface. 

We end this section by recalling some notions and results from the theory of Frenet 
curves in complex space forms, which we shall use later. 

Let 7 : I C R — > N n (p) be a curve parametrized by arc-length. Then 7 is called 
a Frenet curve of osculating order r, 1 < r < 2n, if there exist r orthonormal vector 
fields {X\ = 7', . . . , X r } along 7 such that 

VjSCi^l = KiX 2 , VxrXi = — Kj_iX;_i + KiX i+ i, ... , V^I,. = -K r _il r _i, 

for all i G {2, . . . , r — 1}, where K2, . . . , K r _i} are positive functions on / called 
the curvatures of 7. These equations are called the Frenet equations of 7. 

A Frenet curve of osculating order r is called a Ziefcz; 0/ order r if Kj = constant > 
for 1 < i < r — 1. A helix of order 2 is called a circle, and a helix of order 3 is simply 
called helix. 

S. Maeda and Y. Ohnita defined in [20J the complex torsions Tij of the curve 7 
by = (Xi, JXj), where 1 < i < j < r. A helix of order r is called a holomorphic 
helix of order r if all its complex torsions are constant. We note that a circle is 
always a holomorphic circle. 

In [19] there are proved the following existence results. 

Theorem 2.2 ([H]). For given positive constants K\, K2, and Ks, there exist four 
equivalence classes of holomorphic helices of order 4 in CP 2 (p) with curvatures K\, 
K2, and K3 with respect to holomorphic isometries of CP 2 (p). The four classes are 
defined by certain relations on the complex torsions and they are: when k\ 7^ K3 



h 


T12 


= T34 = p 


T~23 


= r 14 = 


K 2 p/(K 1 + K 3 ) 


Tl3 


= ^24 


= 


h 


T12 


= T34 = 


T~23 


= t u = 


-K 2 p/(K 1 + K 3 ) 


Tl3 


= ^24 


= 


h 


T12 


= -T34 = v 


T~23 


= -TU 


= «W(«i - K s) 


T13 


= T24 


= 


h 


TT2 


= -T34 = -v 


1~23 


= -TU 


= -K2V/(KI - K 3 ) 


T13 


= T24 


= 



where 

K% + K 3 Ki- K 3 

p = — and v = — , 

V^ 2 . + (Kl + K3) 2 ^Jk\ + («i - K 3 ) 2 



4 DOREL FETCU AND ANA LUCIA PINHEIRO 

and when n\ = K3 the classes I3 and I± are substituted by 



Ik 


T12 


= T34 


= Tl3 


= T24 


= 


T23 = 


-T14 = 1 




T12 


= T 34 


= 7-13 


= T 2 4 


= 


T~23 = 


-T14 = -1 



Theorem 2.3 ([E]). For any positive number k and for any number t, such that 
\t\ < 1, there exits a holomorphic circle with curvature k and complex torsion r in 
any complex space form. 

3. A Simons type formula for pmc surfaces in complex space forms 

Let (N n (p), J, (, )) be a complex space form, with constant holomorphic sectional 
curvature p and complex dimension n, and X 2 be a pmc surface in N n (p). 

In [TT] it is proved that the (2, 0)-part Q( 2 ' ^ of the quadratic form Q defined on 
X 2 by 

(3.1) Q(X,Y) = 8\H\ 2 {A H X,Y) + 3p(X,T){Y,T), 

where T is the tangent part (JH) T of JH, is holomorphic. 

Using this holomorphic differential we shall prove the following result. 

Theorem 3.1. Let X 2 be a complete non-minimal pmc surface with non-negative 
Gaussian curvature K isometrically immersed in a complex space form N n {p), p 7^ 0. 
Then one of the following holds: 

(1) the surface is flat; 

(2) there exists a point p £ T? such that K{p) > and Q^ 2 ' ^ vanishes on X 2 . 

Proof. First, we recall a Simons type equation obtained by S.-Y. Cheng and S.-T. 
Yau (equation 2.8 in [8]), which generalizes J. Simons' result in |26j . Let M be an 
m-dimensional Riemannian manifold, and consider a symmetric operator S on M, 
that satisfies the Codazzi equation (VxS)Y = (VyS)X, where V is the Levi-Civita 
connection on the manifold. Then, we have 

(3.2) -A|S| 2 = \VS\ 2 + ^Ai(traceS)« + - ^ /»',,, ; ! A, - Xj) 2 , 

i=i *j=i 
where Aj, 1 < i < m, are the eigenvalues of S, and Rijki are the components of the 
Riemannian curvature of M. 

Next, let us consider the following operator S, defined on our surface X 2 by 

(3.3) S = 8\H\ 2 A H + 3p(T, -)T - ( y|F| 2 + 8\H | 4 ) I . 

We shall prove that |5| 2 is a bounded subharmonic function on the surface. 
First, it is easy to see that 

(3.4) (SX, Y) = Q(X,Y) - t -^-(X,Y), 

which implies that S is symmetric and traceless. It is also easy to see that Q (2,0) 
vanishes on X 2 if and only if S = on the surface. 

Using (|3.4p . since Q^ 2 ' ^ is holomorphic, just as in |5i Proposition 3.3] one can 
prove that S satisfies the Codazzi equation (VxS)Y = (VyS)X, where V is the 
Levi-Civita connection on the surface. 

Then, from equation (|3.2p and the fact that trace S = 0, we easily get 

(3.5) ^A|,S| 2 = 2K|5| 2 + |VS| 2 , 
where K is the Gaussian curvature of the surface. 
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Now, let us consider the local orthonormal frame field {£3 = H/\H\, E^, . . . , -E^n} 
in the normal bundle, and denote A a = Ae - It follows that trace A3 = 2\H\ and 
trace A a = 0, for all a > 3. 

From the definition (|3,3p of S, we have, after a straightforward computation, 

det,4 3 = ^det A H = \H? - ^|S|> - ^|T|' + ^(ST,T), 

and then, by using the equation of Gauss of £ 2 in iV, 

(3.6) i?(X, y)z =|{(Y, Z)X - (x, z)y + (JY, Z)JX - {JX, Z)JY 

In 

+ 2(X, JY)JZ} + J^{(A a Y, Z)A a X - (A Q X, Z)A a Y}, 

a=3 

the Gaussian curvature can be written as 

(3.7) K =^(1 + 3cos 2 0) + \H\ 2 V^\S\ 2 ^d^T + ~4^(ST,T) 

K J 4 V 128|#| 6 ' 1 256|#| 6 ' 1 64|tf| eX ' 1 

+ ^2<ietA a , 

ct>3 

where 6 = (JE\,E2) is the Kahler angle function of S 2 , {Ei,E%} being a local 
orthonormal positively oriented frame field in the tangent bundle. 

Since trace A Q = 0, it follows that detA a < 0, for all a > 3. Therefore, as K > 0, 
we get the following global formula 

From |(5T,T)| < ^|T||5|, since \T\ < \ JH\ = \H\, we have p(ST,T) < -J^|iT| 2 |S|, 
which implies 

1 IOI2 , 3 M id , ID-I2 , P/1 , o_2. 



-|S| 2 + — -f^— \S\ + \H\ 2 + if (1 + 3cos 2 0) > 0. 



128|tf| 6 ' 1 64 v / 2|if| 4 111 4 

In the following we shall prove that \S\ is bounded. We have two cases as p < 
or p > 0. 

If p < we have 

1 .| S |2 + 3p \ S \ + \H\ 2 >0 



128|tf| 6 ' 1 64^/2)^1 



and then |5|<^ 2+256 Jg |4 - 3p)|H|2 . 
When p > we get 



' rlS| 2 + -^|— |S| + l#l 2 + P>0, 



128|J^| 6 1 1 64 v / 2|#| 4 



which is equivalent to \S\ < W^^pW^W + 3 P )\h^ 

Since the surface is complete and has non-negative Gaussian curvature, we see, 
using a result of A. Huber in |15j . that E 2 is a parabolic space. From the above 
calculation and (j3.5[) . we get that |5| 2 is a bounded subharmonic function, which 
implies that |<S| is a constant. Then, from (|3.5p . we get that K = on S 2 or there 
exists a point pGE 2 such that i^(p) > and then S = on the surface, which, as 
we have seen, is equivalent to <5 (2 ' 0) =0. □ 
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Remark 3.2. For a surface E 2 as in Theorem 13.11 we have \S\ = constant and 
VS = 0. 

4. BlHARMONIC PMC SURFACES IN CP n (p) 

In order to prove our main result we shall need the following theorem. 

Theorem 4.1 ([3]). A submanifold E m in a Riemannian manifold N, with sec- 
ond fundamental form a , mean curvature vector field H , and shape operator A, is 
biharmonic if and only if 

j-A ± H + trace <r(-, A H -) + trace(E(-, H)-) 1 - = 

If grad|iif + 2trace^ v ± H (-) + 2 trace(i?(-, #» T = 0, 

where A 1 - is the Laplacian in the normal bundle and R is the curvature tensor of 
N. 

Using the formula f)2. 1 1) of the curvature tensor of a complex space form N(p), we 
get the following result. 

Corollary 4.2. Let E 2 be a pmc surface in a complex space form (N(p), J, (,)). 
Then E 2 is biharmonic if and only if 



(4.1) 



( trace a(-,A H -) = f{2F-3(JT) ± } 
\(JT) T = 0, 



where T is the tangent part of JH and (JT) 1 - and (JT) T are the normal and the 
tangent part of JT, respectively. 

Remark 4.3. It is easy to see, from the first equation of (|4.ip . that for a proper- 
biharmonic pmc surface we have 

< \A H \ 2 = ^{2\H\ 2 + 3|T| 2 } 
which implies that p > 0, and, therefore, such surfaces exist only in CP n (p). 

Proposition 4.4. //S 2 is a proper-biharmonic pmc surface in CP n (p) then T has 
constant length. 

Proof. The map p € S 2 — > (Ah — pT)(p), where p is a constant, is analytic, and, 
therefore, either E 2 is a pseudo-umbilical surface (at every point), or H is an umbil- 
ical direction on a closed set without interior points (see [HE]). We shall denote 
by W the set of points where H is not an umbilical direction. Since in the second 
case this set is open and dense in E 2 , when the surface is not pseudo-umbilical we 
shall work on W and then extend our results throughout E 2 by continuity. 

If E 2 is pseudo- umbilical then JH is normal to the surface, i.e., T = on the 
surface (see [25]). 

Let us assume now that E 2 is not pseudo-umbilical and let iV be the normal part 
of JH. Then, for any vector field X tangent to the surface, we have 

V x JH = -JV X H = -JA H X 

= V X T + a{X, T) - A N X + V^iV 

and, therefore, 

(4.2) (V X T, T) = (A N X, T) + {A H X, JT) = (A N X, T), 

since, from the second equation of (I4.ip . we know that JT is normal. 
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It easy to see that 

(N, H) = and (JV, JT) = 
and, again using (|4.ip . that 

(N,JX} = 0, VI £ C(TS 2 ). 

Then, from the first equation of (|4.ip . we get that 

(4.3) trace(A H A N ) = 0. 
Moreover, using the Ricci equation 

(4.4) (R ± (X,Y)H,V) = ([A H ,A V ]X,Y) + (R(X,Y)H,V), W G C(iV£ 2 ), 
we obtain 

(4.5) [A H ,A JV ]r = o, 

since ^(X, Y)H = and (i?(X, T)H, N) = 0, for tangent vector fields X and Y. 

Next, consider a point p £ W and an orthonormal basis {ei,e 2 } in T p £ 2 such 
that Afjei = Ajej, i G {1)2}. Obviously, we have Ai ^ A2 and we can write Ah and 
tItv with respect to {ei,e2} as 

Ah= ( 1 A° 2 ) and ^=(? -o)' 

since N A. H, i.e., trace j4tv = 0. From (|4.3p we get a = and then (|4.5p becomes 

(A 2 -A 1 )6((T, e2 )e 1 -(T,ei)e 2 ) = 0. 

Therefore, at p, we have that either T = or b = 0. We can see that in both cases 
(AjyX, T) = 0, which implies that equation (I4.2p reduces to 

X(|T| 2 ) = 2{V X T,T) = 

for any tangent vector X. It follows that Al(|T| 2 ) = for any tangent vector field 
X on S 2 , which means that \T\ is constant on the surface. □ 

Remark 4.5. If |T| = constant / we have VxT = A^X = for any tangent 
vector field X. Indeed, if T 7^ everywhere, since JT is a normal vector field, it 
follows that S 2 is a totally real surface. Then we get 

V X JH = -JV X H = -JA H X G C(NZ 2 ) 

which means that VxT = AjyX. On the other hand, we have (R(X,Y)H,N) = 
for any tangent vector fields X and Y, and then, from the Ricci equation (|4.4|) . one 
sees that L4#,.A./v] = 0. Using this equation and fj4.3|) in the same way as in the 
proof of Proposition 14.41 an d since T/0 implies that H is not umbilical on an open 
dense set, we obtain Ax = on this set and, therefore, on the whole surface. 

Proposition 4.6. If S 2 is a complete proper-biharmonic pmc surface in CP n (p) 
with non-negative Gaussian curvature K and T = 0, then n > 3 and E 2 is pseudo- 
umbilical and totally real. Moreover, the mean curvature ofT? is \H\ = y / p/2. 

Proof. From Corollary 14.21 we see that the pmc surface S 2 with T = is proper- 
biharmonic if and only if 

(4.6) trace a(-, A H -) = ~H. 

Now, from Theorem 13. 1\ we know that either the Gaussian curvature K vanishes 
identically on the surface, or there exists a point p G such that K{p) > and 
Q( 2 >°) = on S 2 . 
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In the second case, since T = and Q( 2 '°) = 0, it is easy to see that £ 2 is pseudo- 
umbilical and then totally real (see [25]). From ()4.6[) . we get that |^4f/| 2 = (p/2)\H\ 2 , 
but since £ 2 is pseudo-umbilical, we also have |^4//| 2 = 2|.£f| 4 , which means that 
\H\ = 

If the surface is flat, we shall prove first that it is also totally real. Since JH is a 
normal vector field to S 2 , we have 

V x JH = JV X H = -JA H X 

= -A JH X + V x JH. 

Let us now consider an orthonormal basis {ei,e2} in T p E 2 , where p G S 2 , such 
that Anei = Ajej, i G {1, 2}. It follows that J A^&i = AjJej and, for i ^ j, we have 

(A JH ei,ej) = (JA H ei,Eej) = Xi(Jei,ej). 

Thus, we obtained Ai(Jei,e2) = X 2 (Je 2 ,ei), which means that 

= (A 1 + A 2 )(Je 1 ,e 2 ) = 2\H\ 2 {J ei ,e 2 ). 

Therefore, we have (Jei,e2) = 0, i.e., S 2 is totally real. 

In the following, we will prove that S 2 is also pseudo-umbilical. Assume that it is 
not so and we will work on the set W defined in the proof of Proposition 14.41 Let p 
be a point in W, consider a basis {ei, 62} in T p T, 2 such that A^ei = Ajej, and extend 
the e{ to vector fields Ei in a neighborhood of p. First, using the expression (12. ip of 
the curvature tensor of CP n (p), we obtain, (R(E 2 , E{)H, JEi) = and then, from 
the Ricci equation (|4.4h . ([Ah, Aje^Ei, E 2 ) = 0, which can be written at p as 

(X 2 -X 1 )(A JEl E 1 ,E 2 ) =0. 

In the same way, we can also show that (Ai — A2)(^4 je 2 E 2 , Ei) = 0. 

First, since Ai / A2, we get that (Aje 1 E\, E 2 ) = (Aje 2 E 2 , Ei) = 0. Using the 
fact that X 2 is totally real, it is easy to verify that 

(a{X,Y),JZ) = (a{X,Z),JY), VX,Y,Z G C7(TS 2 ), 

and then, at p, we obtain 

(Aje^Ex) = (a(E 1 ,E 1 ),JE 2 ) = (a(E 1: E 2 ), JE X ) = {Aj^Ex, E 2 ) = 

and 

(A JEl E 2 ,E 2 ) = (Aje 2 E 2 , Ei) = 0. 
Since JH is normal to S 2 is equivalent to trace Aje 1 = trace Aje 2 = 0, we have just 
proved that Aje 1 = Aje 2 = at p. 

Next, for any normal vector field U which is also orthogonal to H, JEi, and JE 2 , 
we have (R(X,Y)H,U) = and then, from the Ricci equation [A H ,Au] = 0. 

Since H is not umbilical on W, this implies that, with respect to {Ei, E 2 }, we have, 
at p, 

a + \H\ 2 \ j , / b 

-a + \H\ 2 ) and Au ={0 -b 

with o/O. From (|4.6p we have that trace(A#A[/) = 0, which implies, using the 
above expressions, that Ay = 0. 

Now, we consider a local orthonormal frame field in the normal bundle of X 2 , as 
follows {£3 = H/\H\,E& = JEi,E§ = JE 2 , Eq, . . . , E 2n } and, since the surface is 
flat, from the Gauss equation (I3.6P of S 2 in CP n (p), at p we get 

2n 2 

= K = ^ + ^detA a = P A+ detA 3 = P A + \H\ 2 -^-. 

a=3 1 1 
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Prom gj| we have \A H \ 2 = 2a 2 + 2\H\ 4 = (p/2)\H\ 2 and, therefore, K = 2\H\ 2 at 
p, which means that \H\ = 0. This is a contradiction, since X 2 is proper-biharmonic. 
Hence, the surface is pseudo-umbilical in this case too. 

Finally, we have that, for any vector field X tangent to the surface, the vector 
field JX is normal and orthogonal to both H and JH, which are also normal vector 
fields. Therefore, one obtains n > 3 and we conclude. □ 

Proposition 4.7. If X 2 is a complete proper-biharmonic pmc surface in CP n (p) 
with non-negative Gaussian curvature K and T / 0, then the surface is flat and 
VA H = 0. 

Proof. Since \T\ = constant / on X 2 , from the second equation of (|4.ip . we know 
that our surface is totally real. In [7J it is proved that the (2, 0)-part Q( 2 '°) of the 
quadratic form 

Q(X,Y) = (A H X,Y), 
defined on a pmc totally real surface, is holomorphic. Consider the traceless part 
<f>H = Ah — |-ff| 2 I of Ah- Since Q( 2 ' ^ is holomorphic, working in the same way 
as in [5, Proposition 3.3], we can prove that <f>H satisfies the Codazzi equation 
(V xS)Y = (VyS)X. Hence, from equation (|3.2p . we have 

iA|^| 2 = 2K|^| 2 + |V^| 2 - 

Let us assume now that there exists a point p G X 2 such that K (p) > 0. Then, 
from Theorem 13. 14 we have that 5 = 0, which implies that 

\^h\ 2 = \A H \ 2 - 2\H\ A = 12 ^ |4 |T| 4 = constant / 0, 

which means that K = on X 2 and this is a contradiction. 

Hence the surface is flat. Since X 2 is proper-biharmonic, it follows, from the first 
equation of (|4.ip . that \4>h\ 2 is bounded. Thus |</>#| 2 is a bounded subharmonic 
function on a parabolic space and, therefore, a constant, which implies 'VAh = 
V(j) H = 0. □ 

Remark 4.8. In the proof of Proposition 14.71 we used the fact that Q^ 2 ' ^ is holo- 
morphic when Q is defined on a totally real pmc surface in a complex space form. 
In |18j it is proved that, if X 2 is a proper-biharmonic surface with constant mean 
curvature in a Riemannian manifold, then Q( 2,0 ) is holomorphic. 

Before proving our main result, let us briefly recall a property of the Hopf fi- 
bration (see |23j). Let tt : C n+1 \ {0} — > CP n (p) be the natural projection and 
S 2n+1 (p/4) = {z G C n+1 : (z,z) = 4/p}. The restriction of vr to the sphere 
S 2n+1 (p/4) C C n+1 is the Hopf fibration vr : S 2n+1 (p/4) -> CP n (p) and it is a 
Riemannian submersion. Now, let i : X m — > CP n (p) be a totally real isometric 
immersion. Then this immersion can be lifted locally (or globally, if X m is sim- 
ply connected) to a horizontal immersion i : X" 1 — > S 2ra+1 (/o/4). Conversely, if 
i : X m — > S 2n+1 (/)/4) is a horizontal isometric immersion, then 7r(i) : X m — > CP n (p) 
is a totally real isometric immersion. Moreover, we have ir*a = a, where a and a 
are the second fundamental forms of the immersions i and i, respectively. 

We shall also use the following theorem. 

Theorem 4.9 (|2j). Let X m be a proper-biharmonic cmc submanifold in S n (p/4) 
with mean curvature vector field H. Then \H\ G (0, ^fp/2] and, moreover, \H\ = 
y/p/2 if and only ifY> m is minimal in a small hypersphere S n_1 (p/2) C § n (/j/4). 



10 



DOREL FETCU AND ANA LUCIA PINHEIRO 



We are ready now to prove our main result. 

Theorem 4.10. Let X 2 be a complete proper-biharmonic pmc surface with non- 
negative Gaussian curvature in CP n (p). Then X 2 is totally real and either 

(1) X 2 is pseudo-umbilical and its mean curvature is equal to Moreover, 

X 2 = vr(X 2 ) C CP n (p), n > 3, 

where tt : S 2 " +1 (p/4) — > CP n (p) is the Hopf fibration and the horizontal lift 
X 2 of X 2 is a complete minimal surface in a small hypersphere S 2n (p/2) C 
S 2 " +1 (p/4); or 

(2) X 2 lies in CP 2 (p) as a complete Lagrangian proper-biharmonic pmc surface. 
Moreover, if p = 4, then 

, 1 1 1 -i- . /7i\ / / 1 1 -i- . /JTs 

C CP 2 (4), 

where tt : S 5 (l) — > CP 2 (4) is the Hopf fibration; or 

(3) X 2 lies in CP 3 (p) and 

S 2 = 7l x 72 c CP 3 (p), 
where 71 : R — >■ CP 2 (p) C CP 3 (p) is a holomorphic helix of order 4 with 




curvatures 



6 

and complex torsions 




7p 




HV14 V70 

T12 = -T34 = — ^ , r 23 = -T14 = "Tq") T 13=T24 = U, 

and 72 : H ->• CP 3 (p) is a holomorphic circle with curvature k = p/2 and 
complex torsion T12 = 0. Moreover, the curves 71 and 72 always exist and 
are unique up to holomorphic isometries. 

Proof. Let S 2 be a complete proper-biharmonic pmc surface with non-negative 
Gaussian curvature K and mean curvature vector field H in CP n (p). Let T and 
iV be the tangent and the normal parts of JH, respectively. As we have seen in 
Proposition 14.41 the length of T is constant along the surface. We shall consider two 
cases, as T = or T / on S 2 . 

Case I: T = 0. From Proposition 14.61 we know that n > 3 and the surface 
is pseudo-umbilical and totally real with mean curvature \H\ = Consider 
the Hopf fibration tt : S 2n+1 (p/4) -> CP n (p) and the horizontal lift S 2 of S 2 in 
§ n+1 (/9/4). Then, from |23 Theorem 1], we have that S 2 is pseudo-umbilical in 
§ 2n+1 ( / o/4) and has parallel mean curvature vector field. Moreover, its mean curva- 
ture is constant and equal to yfp/2. Next, using the relation between the bitension 
fields of the immersions i : S 2 — > CP n (p) and i : S 2 — > S 2n+1 (p/4), given in [i~2| 
Theorem 3.3], together with (JH) T = T = 0, we get that X 2 is proper-biharmonic 
if and only if S 2 is proper-biharmonic. We apply Theorem 14.91 to conclude that E 2 
is a complete minimal surface in a small hypersphere § 2n (/o/2) C § 2n+1 (p/4). 

Case II: T ^ 0. In this case S 2 is totally real and, from Proposition 14. 7( flat. 
From the same Proposition 14.71 we also know that V Ah = 0, which means that the 
eigenfunctions of Ah are actually constants. Since X 2 is pseudo-umbilical implies 
that T = 0, it follows that the surface does not have umbilical points. 
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Now, let U be a normal vector field orthogonal to H and to J(TS 2 ). Then, it 
is easy to see that (R(X,Y)H,U) = and, from the Ricci equation (14. 4j) . we get 
that L4#,Aj/] = 0. Since H is not umbilical, this implies that An and Ay can be 
simultaneously diagonalized. 

On the other hand, the first equation of (|4.ip shows that tiace(AHAy) = and, 
therefore, that Ay = 0. 

Let us consider the global orthonormal frame field {E% = T/\T\, E2} on the sur- 
face. We know, from Remark 14. 5\ that V£i = and then VE2 = 0. 

Next, if \T\ = \H\, i.e., if JH is a tangent vector field, we consider the subbundle 
L = span{ JE\, JE2} of the normal bundle. Since JH is tangent, we get that H G L 
and, therefore, for any normal vector field U _L L, we have Ay = 0, which means that 
InnrCl. It is also easy to see that dim(TS 2 © L) = 4 and J(TT? ®L) = TY? © L, 
which implies that R(X,Y)Z G L, for all vector fields X,Y,Z G T£ 2 L, i.e., 
TS 2 © L is invariant by -R. In the following, we shall prove that L is parallel, i.e., 
if U is a normal vector field orthogonal to L, then U is also orthogonal to V^L. 
Indeed, for all tangent vector fields X and Y, we obtain 

(V X JY, U) = (VxJY, U) = (JV X Y, U) = (JV X Y + Ja(X, Y), U) = 0, 

since Ima C L and J(TS 2 ©L) = TS 2 ©L. Therefore, since V.R = 0, we can use |1CH 
Theorem 2] to show that there exists a 4-dimensional totally geodesic submanifold 
of CP n (p) such that S 2 lies in this submanifold. Since J(TT? © L) = TS 2 © L, 
we get that X 2 is a complete Lagrangian proper-biharmonic pmc surface in CP 2 (p). 
When p = 4, these surfaces were determined in |24] as follows 

* ~ *K^) >< *(^) ^ ^(^)) - 

Now, assume that |T| < |JJ|. Since S 2 is totally real, we can consider the following 
local normal orthonormal frame field 

1^3 = JEi,Ea = JE 2 ,E 5 = ——JN,E e = -—rN,Er, . . . ,E 2 „^, 

where E3, E4, E$, and Eq are globally defined. It can be easily verified that H is 
orthogonal to £4, Eq, and E a , where a G {7, . . . , 2n}, and, therefore, that 

(4.7) H = -\T\E 3 - \N\E 5 . 

All vector fields E a , a > 7, are orthogonal to H and to J(TS 2 ), which means 
that A a = 0, a > 7 and, therefore, Im<r C L = span{^3, £4, E5, Eq}. Moreover, 
the bundle TS 2 © L is invariant by J and by R. Let U be a normal vector field, 
orthogonal to L. Using the facts that VT = 0, Ima CL = span{£/3, £4, E$, Eq\, 
and J(T£ 2 © L) = TT? © L, one obtains 

(Vj,JY, U) = (V X JY, U) = (JV X Y, U) = (JV X Y + Ja(X, Y), U) = 0, 
(X7 X N,U) = (V X (JH-T),U) = (-JA H X -a(X,T),U) = 0, 

and 

(V X JN, U) = (V x (-H - JT), U) = {-Ja(X, T),U)= 0, 

that show that L is parallel. We again use [IP} Theorem 2] to conclude that E 2 lies 
in CP 3 (p). 

In the following we shall determine the shape operators A3, A4, A§, and A§. First, 
since N is orthogonal to H and to JiTT?), we have Aq = 0. 
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Next, since S 2 is totally real, we have 

(a(X,Y),JZ) = (a(X,Z),JY), VX, Y, Z e C(T£ 2 ), 

and, using this property, together with 

traced = 2(E 3 ,H) = -2\T\ and traced = 2(E 4 ,H) = 0, 

we see that A3 and A 4 can be written as 

. ( a-\T\ b \ , . ( b -a- \T\ 
As= { b -a-\T\ ) and A *={- a -\T\ -b 

As for A$, we have tracers = 2{E^,H) = — 2 1 iV | and then 

_ / c-\N\ d 
A5 ~{ d -c-\T\ 

Taking into account that E§ is orthogonal to J(T£ 2 ) we obtain (R(X, Y)H, E§) = 
and, from the Ricci equation ()4.4p . one sees that [Ah, A§] = and then, from ()4.7p . 
that [^3,^5] = 0. After a straightforward computation, we get 

(4.8) ad = be. 

Next, we have (R(E2, E{)H, JE2) = — (p/4)\T\ and then, again using the Ricci 
formula (jPj) . 

{[A H ,A A )E U E 2 ) = (R(E 2 ,E 1 )H,JE 2 ) = -||T|, 
which can be written as 

(4.9) b(b\T\ + d\N\) + (a + \T\)(a\T\ + c\N\) = £|T|. 

8 

Since S 2 is proper-biharmonic, from the first equation of (|4.1j) . tacking into ac- 
count that E4 is orthogonal to H and to E3, we see that trace(A#^44) = 0, which, 
using (14. 8p . gives 

(4.10) b\T\+d\N\=0. 

Assume now that there exists a point p € X 2 such that b 7^ or d ^ at p. Then, 
from (|4.8p . (|4.9p . and (|4.10p . we obtain that \T\ = at p, which is a contradiction. 
Therefore, from (|4.10p . it follows that b = d = on X 2 , and then equation (|4.9p 
becomes 

(4.11) (a + |T|)(a|r|+c|JV|) = ||r|. 
Finally, again using the first equation of (14. ip . we have 

tr. 

or, equivalently, 

(4.12) am+cW)= ^m 

and 

(4.13) c(am+cm= (j^mnm, 

respectively. From (|4.11j) . (|4.12p . and (|4.13j) one obtains 

(5/>-8|#| 2 )|T| (p-4\H\ 2 )\N\ 



ti&ce(A H A 3 ) = -^-\T\ and tia.ce(A H A 5 ) = --\N\, 



(4.14) 



4(2\H\ 2 -p) ' 2(2\H\ 2 -p) 
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and 

(4.15) 16|#| 4 - Wp\H\ 2 - 3p\T\ 2 + 2p 2 = 0. 

The surface T, 2 is flat and, therefore, from its Gauss equation (|3.6p in CP n (p), 
follows 

5 

a=3 

which, together with (14.14p . gives 

(4.16) 16|F| 4 + 4p\H\ 2 - 48|T| 2 |F| 2 + 22p\T\ 2 - Ap 2 = 0. 

From (gJS|| and lH15| we obtain \H\ 2 = p/3, \T\ 2 = 4p/27, and |iV| 2 = 5p/27. 

Hence, the shape operator A is given by 

(4-17) 

1 H-t 0\ , 1 [p { 1 \ . 1 [hp { -I 



^^VH 3 1 J' ^ 4= 2VH 1 J' 4 = "2Vy( 3 1 

Now, since E\ and E 2 are parallel, they determine two distributions which are 
mutually orthogonal, smooth, involutive and parallel. Therefore, from the de Rham 
Decomposition Theorem follows, also tacking into account that the surface is com- 
plete and using its universal cover if necessary, that T? is the standard product 
71 x 72, where 7^ : R — > CP 3 (p), k G {1,2}, are integral curves of E\ and E2, 
respectively, parametrized by arc-length, i.e., j[ = E\ and 7 2 = E2 (see [17]). In the 
following, we shall determine these curves in terms of their curvatures and complex 
torsions. 

Let us denote by Ki, 1 < % < 6, the curvatures of 71 and by {Xj}, 1 < j < 7, its 
Frenet frame field. Using (|4.17p . we first have 

V^-Ei = a{E\,E\) = — —J ^E 3 - - J -£-E 5 

o V o b V o 

and then, the first Frenet equation of 71 gives 

K] = \ — and A, = E 3 h*. 

V 6 2 42 d 42 5 

Next, since VE X = VE 2 = and = V ± H = -\T\V ± E 3 - |A^| V^^s, we get 
(V^E 3 ,E 4 )=0 and (V^E 3 ,E 5 )=0 

and 

(V^E 3 ,E 6 ) = -L/Ve.JE^JH-T) = ±-^(A H E 1 ,E 1 ) + \T\(V El E 1 ,E 3 )) 

= -(A 5 E 1 ,E 1 ) = - x [?P. 
\ i, n g y 3 



It follows that E 3 = (l/6) y / 5p/3E 6 . In the same way, one obtains V El E 3 
(— 1/3) -v/ p/3Eq. Thus, after a straightforward computation, we have 



which means that 



1 5p 

K2 = —\ — and X\ = —Er 

2 V 42 3 
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It follows that 



and then 



= ^/|^3 - - 

13 6V 3 3 




kcj = — 1/ — and a 4 = hi-\ 

d 2 V 42 4 42 3 42 5 

Finally, we get V e±X\ = — K3X3 and, therefore, 71 is a helix of osculating order 4. 
A simple computation gives its complex torsions 

llx/Ii ^70 

712 = — T34 = — ^ ' r 23 = -7"14 = Tl3=T24 = U. 

Hence 71 is a holomorphic helix of order 4. 

Consider now the subbundle L = span{£3, E§, Eq} in the normal bundle of 71. It 
is easy to see that L is parallel and T71 © L is invariant by J and R. Then, since 
X\ G L, we apply [101 Theorem 2] to conclude that 71 lies in CP 2 (p). Moreover, it 
can be easily verified that 71 is of class I3. 

For the curve 72 we have 

V E2 E 2 = a{E 2 ,E 2 ) = 




and then its first curvature is k = a/ p/2 and X\ = (y/E/fyEs — (y/30/6)Es. It can 
be easily verified that -E3 = = and then one obtains V_e 2 X| = —kE 2 . 

Therefore, the curve 72 is a holomorphic circle in CP 3 (p) with curvature k = y/p/2 
and complex torsion 172 = 0. Then, we use Theorems 12.21 and 12.31 to conclude. □ 

Remark 4.11. Working in the same way as in the case when p = 4, considered in 
[24] . the result in Theorem 14. 10( 2) can be extended to surfaces in CP n (p). However, 
for the sake of simplicity we present here only this particular case. 
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